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ABSTRACT

In this paper we answer in the negative a question due to J. P. R.
Christensen about almost everywhere existence of nearest points using
a decomposition of £2 due to J. Matousek and E. Matouskovd. We also
formulate a similar question about almost everywhere existence of far-
thest points and answer it in the negative.

1. Introduction
Let X be a (real) Banach space, let F be a closed subset of X. We define the

distance function
f(@) = dist(w, F) = inf{|ly - ll: y € F}
and the metric projection

Pr(z) ={y € F: |ly — z|| = f(z)},
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which assigns to each x € X the set of nearest points in F' to z. We say that Pg
is continuous at z provided Pp(z) is single-valued and y, — Pp(z) whenever
Zn —+ x and y, € Pr(zn). We also define the directional derivative

ry(z,v) = tli_rg(l)t'l(f(w +tv) = f(z)) (= Duf(2))

for 0 # v € X, if the limit exists. The metric projection was studied by many
authors — see for example [F1, F2, Z1, Z2]. A nice survey about existence of
nearest points appeared in [BF]. It is natural to ask for how many points of X \ F
do there exist closest points in F'. The following theorem due to Lau gives an
answer to this question in terms of Baire category:

THEOREM 1.1 (Lau, see [BF)): If E is a reflexive Kadec' space, then for each
closed nonempty set C in E the set of points of E'\ C with nearest points in C
contains a dense G subset of E\ C.

We will prove a theorem which resolves in the negative the two following con-
jectures by J. P. R. Christensen [Ch], which are concerned with the existence of
nearest points in terms of measure. Let X be a separable Banach space. Then:

(I) The differential 7¢(z, -) is for almost every z € X \ F an element of the dual
space X* of norm one and for almost every € F we have r¢(z,) = 0. It
seems most likely that this is true also in the non-reflexive case.

(II) If X is reflexive, then for almost every x € X there exist y € F with
llz — yll = f(z) and y is unique for almost every x € X if X is strictly
convex.

In the present context, “almost every” means outside of a Haar null set (see
definition below). The following theorem of S. Fitzpatrick implies (given the
assumptions are satisfied) that® if ||rs(z,-)||x~ = 1, then the metric projection
Pr is continuous at z (and thus Pr(z) # 0).

THEOREM 1.2 (8. Fitzpatrick, Corollary 3.4, [F1]): Suppose that the norms of
X and X* are Fréchet differentiable. If r¢(x,u) = 1 for some u € S(X), then Pp
is continuous at z.

Here S(X) denotes the unit sphere of X. Our example relies heavily on a con-
struction of E. Matouskova from [Mat], which is a generalization of the previous
result of J. Matousek and E. Matouskova from [MM] to superreflexive spaces and

1 For the definition of Kadec spaces, see [BF].

2 If the norm of X™ is Fréchet differentiable, then it follows that X is reflexive —
see for example [DGZ].
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gives an explicit construction of an equivalent norm, which is almost nowhere (in
the sense of Aronszajn) Fréchet differentiable. The construction supplies a Borel
set D C £y which is ball small and whose complement is Aronszajn null. Now an
application of our Proposition 3.2 yields a Borel set ) C ¢;, which is not Haar
null, and a nonempty closed set A C ¢ so that Pa{z) = G for all z € Q. An
application of Fitzpatrick’s Theorem 1.2 yields a counterexample to conjectures
(I) and (II) of Christensen.

Let M be a closed bounded nonempty subset of a Banach space X. Forz € X
we shall define the farthest distance to z in M as

p(z, M) = sup{|lz — f||: f € M}.
We also define the farthest point map as
Fu(z)={f € M: ||lz - f|| = p(z, M)}.
The following theorem is due to E. Asplund

THEOREM 1.1 (Asplund, see [A]): Let X be a reflexive space with a LUR? norm
and M C X be a closed bounded nonempty subset. Then the set of points x € X
with Fyy(z) # 0 is a dense G5 subset of X .

In analogy with Christensen’s conjecture, we can ask whether farthest points to
a closed bounded set, say in a Hilbert space, exist almost everywhere in the sense
of Christensen (i.e., outside of a Haar null set). Again, using the construction due
to E. Matouskové (see [Mat]), we construct a closed convex bounded nonempty
set M C ¢y with the property that the set of points z € {3, where Fy(z) = 0,
contains a Borel subset, which is not Haar null — see Theorem 4.3.

Finally, let C be a nonempty weakly compact subset of X. Let us recall the
following theorem due to Lau {La], which tells us that farthest points to a weakly
compact set exist “almost everywhere” in terms of category.

THEOREM 1.4 (Lau, see [DGZ], Proposition 2.7): Let X be a Banach space, and
let C be a nonempty weakly compact subset of X. Then there exists G, which
is a dense G subset of X, and if x € G, then x has a farthest point in C.

Our Theorem 4.3 shows* that an analogy of this theorem is not possible, if
we consider “almost everywhere” in terms of measure (Haar null sets acting as
negligible sets).

3 For the definition of LUR, see [DGZ]. Let us only remark that if a norm is LUR,
then it follows that the space is Kadec.

4 It is an easy consequence of reflexivity and Mazur’s theorem that a closed convex
bounded subset of £ is weakly compact.
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2. Preliminaries

Notation 2.1: Let X be a normed linear space, let + € X and r > 0. By
B(z,r) (respectively by B(z,r)) we shall denote the open (respectively closed)
ball with center x and radius r. By S(z,r) we shall denote the sphere S(z,r) =
{z € X: ||z]| = r}, and by Sx the sphere S(0,1). By A we shall denote the
closure of A.

Definition 2.2: Let X be a separable Banach space. Let A be a Borel subset of
X. The set A is called Haar null if there is a Borel probability measure y on X
such that p(x + A) = 0 for every z € X.

Let B C X be Borel. We say that B is Aronszajn null if for every sequence
()2, in X whose closed linear span is X there exist Borel sets B; C X such
that B C |, B; and the intersection of B; with any line in the direction z; has
the one-dimensional Lebesgue measure zero, for each i € N.

Aronszajn null sets are Haar null but the converse is not true. For more
information about Haar and Aronszajn null sets see [BL]. We only note that a
Borel set A C X is Haar null if and only if AA is Haar null for every X > 0. The
following notion was introduced by D. Preiss and L. Zajicek in [PZ]:

Definition 2.3 ([PZ]): Let X be a normed linear space and A C X, r > 0. We
say that A is r-ball porous if for each £ € A and € > 0 there exists y € X such
that ||z — y|| = r and B(y,r —e) N A = 0. We say that B C X is ball small, if
B =J,, A, such that A, is r,-ball porous where 7, > 0.

Remark 2.4

(1) It is easily seen that if A is a Borel ball small set, then A4, can also be
chosen Borel.

(2) If X is a finite dimensional Banach spaces, then by compactness we can
take £ = 0 in the definition of r-ball porosity.

(3) It is easy to see that r-ball porosity of a set A follows from the condi-
tion: for each ¢ € A there exist y; € X such that B(y;,r) N A = § and
dist(z, B(y;,r)) = 0 as j = oo.

(4) Note that if A is rg-ball porous at some x € A, then it is also r-ball porous
at z for any 0 < r < ryq.

Let us note that “being a ball small set” is a metric property. The following
example shows that it indeed depends on the particular norm.
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Example 2.5: Let n € Nn > 2. Then there exists a set 4 C R™, which is not
ball small for the Euclidean norm and there exists a norm | - |, on R™ for which
it is 1-ball porous (and thus ball small).

Proof:  According to [PZ] there exists A C R", which is a subset of a
Lipschitz (even delta-convex) hypersurface (i.e., there exists a subspace ¥ C R”,
dim(Y) =n -1, 0 # v € R", and a delta-convex function f: Y — R, such that
AcC{y+ fly) -v: y € Y}), such that A is not ball small for the Euclidean
norm. Delta-convex functions are those functions that are representable as a
difference of two convex functions (see [DVZ]). We can assume that Y = R*~!
and v =(0,...,0,1).

Now it’s enough to construct a norm | - |, in which A is ball small. The fact
that f is Lipschitz implies that there exists a cone

K ={(z,t) e R xR |jz]| < Ct},

where C > 0, such that (a + K) N A = {a} for each a € A. It is readily seen,
that there are a; > 0 for i = 1,...,n, such that |(z1,...,2,)]s := 3, ailz;| has
the following property:

0€ B,((0,...,0,1/ay),1) C K.
Now it is easy to see that A is 1-ball porous for | - 5. ]

Definition 2.6: Let X be a Banach space. If 0 # v € X and 0 < ¢ < |]v]], we
define the cone

Av,o)={re Xz = v+w, A > 0,||lw|| <cA} = U AB(v,c).
A>0
Now let M C X and z € M. We say that M is cone-supported at z if there
exists a cone A(v,c) and r > 0 such that

Mn(z+ A(v,e)) N B(z,r) = 0.

A set is called cone-supported if it is cone-supported at all its points. A set
is called o-cone-supported if it can be written as a union of countably many
cone-supported sets.

Let r > 0,5 € X. We say that M is supported at « by B(s,r), if |[s—z|| =7
and B(s,r)N M =0.

We will need the following lemmas. The proof of the next statement is simple
and so we omit it.
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LEMMA 2.7: Let X be a Banach space and let C C X. If for some z € C there
exist 7 > 0 and y € X such that ||z — y|| = r, and B(y,r)NC =@ (ie, C is
supported at x by B(y,r)), then C is cone-supported at x.

Definition 2.8: Let X be a Banach space. We say that A C X is a Lipschitz
hypersurface if there exists a subspace Y C X such that X =Y @ Rv (topo-
logically), where 0 # v € X and there exists a Lipschitz function ¢g: ¥ — R such
that A= {y+g(y) - v:yeY}

LEMMA 2.9 ([Z2]): Let X be a separable Banach space. Then a set M C X is
o-cone-supported if and only if it can be covered by countably many Lipschitz
hypersurfaces.

(For a proof, see for example [Z2].)

LeMMA 2.10: Let z,f € Sg,, {2, f) = 0, and let Ry > 0. Let us define v =

z+ Rof.
(i) We have the following:

B(v,Ry) C C, = {z € £y {v,2) > |||},

B(v/||vll, Ro/||v|l) C Cy, and z € B(v, Ry).
(ii) Let 0 < R < Ry and s = 24 Rf. Then B(s/||s||, R/|ls|l) C Cy, 2 € B(s, R),
and
dist(s/||s|], z) = (2(1 — (1 + R*)~/2))1/2,

Proof: Most of these facts follow by easy computations. The only fact which
is not completely obvious is the inclusion B(s/||s||, R/||s||]) C Cy. To see this,
note that C, is a cone and so AC,, C C,, for any A > 0. Take A = 1/||v|| and the
inclusion B(v/|[v||, Ro/||v||) C C, follows. Because B(s, R) C B(v, Ry), by the
same scaling argument with A = 1/||s||, we obtain that B(s/||s||, R/||s||) C Cb.
|

Our methods rely upon the following construction due to E. Matouskova
from [Mat]. Let (ex)ren be the standard basis in ¢3. For x € 45, let suppz =
{i € N: {(e;,z) # 0}. Let (zx)ren be a dense subset of Sy, with the property
that each zj, is finitely supported. Let ¢ > O and let 0 < n; < ns < --- be a
sequence in N satisfying nj, > maxsupp ;. Then define vi, := x + re,, , where
r = r(¢) > 0 is chosen to be small enough (see Proposition 2.11). We get that
llox]l = (1 +r2)1/2. Put

(2.1) Se = J{z € ba: (vp,2) > ||z]l} and S =5,5U—5 ).
keN
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Then S. is an open subset of £5. We need the following version of Proposition 2.5
of [Mat) for the case of {5.

ProposITION 2.11 (Proposition 2.5 of [Mat] for £3): There exists N € N with
the following property: for each € > 0 there exists 0 < r < 2 such that

(1) S, = £y, and

(2) A\z(S. N Bz) < ¢ for each N-dimensional subspace Z C {3,
where Az is the Lebesgue measure on the (Euclidean) subspace Z C 4.

The following proposition is a consequence of E. MatouSkovéa’s construction.

PROPOSITION 2.12:
(i) There exists a Borel set D C {3, which is ball small, and whose complement
is Aronszajn null.
(ii) There exist a closed nonempty set E C {5, and Ry > 0 such that for each
0 < R < Ry we have
(1) E is not Haar null,
(2) E C Be,(0,1)\ Be,(0,1/2), and E = -E,
(3) E is “radial” in the following sense: if x € E, then E contains the
closed line segment joining z/(2||z||) and z/||z||,
(4) for each z € EN S(0,1) the following is true:
(*) there exists a sequence u; = uj(x) € S(0,1), such that
~ o = wll = (21 = (14 B)7Y2)12 as j — o,
~ if R < V/3, then dist(u;, E) = R/(1 + R?)'/? as j — o0, and
— B(uj, R/(1+ R??) N Uys0 AE =0,
for each j € N.

Proof: If we apply Proposition 2.11 for € = 1/n, then we obtain sets S;/, and
rn > 0, such that F' = [, Sy, is Aronszajn null. This is a consequence of
Lemma 2.2 from [Mat], because by property (2) of Proposition 2.11 we have that
MF N Bz) < ¢ for any N-dimensional subspace Z C ¢; and for any ¢ > 0. Put

D=6\ F=,0l2\Si/m)
Fix n € N and for m € Z let

(2.2) T = Ty = (€2 \ S1/2) N (B(0,2™1) \ B(0,2™)).
Each T, is closed and we have that

(62 \ Sl/n) \ {0} = UTm
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We shall prove that each Ty, is t-ball porous for some ¢ > 0. This will conclude
the proof of part (i) of our proposition, because D = {0} U U,U,, Tx. By
rescaling, it is enough to establish t-ball porosity of T_; (as Ty = Ay - T; for a
suitable Ay; > 0). Let z € T_;. Note that ||z|| € [1/2,1]. Assume first that
llz|| = 1. Find xy; € Sy, so that xy, — x as j — 0o (see the text preceding (2.1)
for the definition of (z;)gen). Define Ry = r, (rp = r(1/n) — see the comments
preceding Proposition 2.11). By part (i) of Lemma 2.10 applied to z = xy;
and f = €ny, (and vg; = zg; + Roenkj) we get that zy, € F(vkj,Ro) and
B(vy,,Ro) N Ty = 0, because B(uy;,Ro) C Cy, and Gy, NT_; = . This
also implies that B(vy;, Ro) N, AT-1 = 0. Now dist(z, B(vs;, Ro)) = 0 as
Ty; € F(vkj,Ro) and zy;, — z as j — oo. Condition (3) from Remark 2.4 shows
that T_1 is Ro-ball porous at z.

Now consider z € T_; with ||z|| < 1. By radiality, y := z/||z|| € T-1, and by
the last paragraph there exist w; = vy; with B(w;, Ro) N0 AT-1 = @, and
dist(y, B(wj, Ro)) = 0 as j = co. Define w; := w;/||z|[. Then

B(w;, Ro/|lz||) NT-1 = 0 and dist(x, B(w@;, Ro/||z]|)) = 0 for j = oo.

Thus we can conclude (again from condition (3) of Remark 2.4) that T, is
Ry /||z||-porous at z. Now observe that 1/2 < ||z|| £ 1 for z € T_y, and thus T_,
is Rg/2-ball porous (see condition (4) of Remark 2.4).

To prove part (ii) of our proposition, note that £, \ F' = |J,,(¢2 \ Sy/n) is
a set whose complement is Aronszajn null. So there exists g € N such that
Fy = {3\ Si/n, is a (closed) non-Haar null set. Write Fy \ {0} = U,z Tm
(see 2.2). There exists mq € Z such that Ty, is a (closed) set, which is not
Haar null. Define E := T},,. By rescaling, we can again assume that mg = ~1.
Take Ry := rp, (rn, = r(1/ng) — see the comments preceding Proposition 2.11).
Conditions (1), (2), and (3) of part (ii) of our proposition are clearly satisfied.
To establish condition (4), we shall prove (*) for any z € £ N S(0,1).

Choose 0 < R < Ry and z € E = T_; with ||z|| = 1. Find x3, € S, so that
Ty, = x as j — 0o (see the text preceding (2.1) for the definition of (xy)ren). By
part (ii) of Lemma 2.10 applied to z = 24, and f = €ny,» We get sequences vy,
and s; (where vy, = zy; +Roemj and s; = xy, +Renkj) such that z, € B(s;, R)
and B(sj, R) N T_y = B, because B(s;, R) C Cy,, and Cy,, NT_1 = 0. Define
uj = s;/|Is;|l. The first condition of (*) follows by the triangle inequality from
the fact that by part (ii) of Lemma 2.10, we have that

dist(uj, zx,) = (2(1 — (1 + R2)—1/2))1/2,
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and ||zx; — z|| = 0 as j = oo. The second condition follows from the facts that
B(u;,R/(1+R*)'*)nE =9,
(1+ B>z, € B(uj, R/(1 + R)Y?), and
(1+R*)™ V2, - 1+R) V2 cE.
Finally, the third condition of (*) follows from the radiality of C'Ukj , as
B(uy, R/(1+ R})'?) C

and Cy,, NE = §. |

3. The nearest points
First, let us prove the following

PRrROPOSITION 3.1: Let X be a separable Banach space, let C C X be r-ball
porous for some r > 0. Then there exists a nonempty closed set A and Lipschitz
hypersurfaces L,,n € N, such that for eachx € C\|J,, L, we have that Pa(z) = 0
(i.e., z has no nearest point in A).

Proof: Without any loss of generality we can suppose that C is closed (r-ball
porosity is stable with respect to taking closures). Define

A:={z € X: dist(z,C) > r/2}.
Then A is obviously closed and nonempty (by porosity).
Cramv: dist(z,A) =r/2 forz € C.

Pick z € C. Obviously, dist(z, A) > r/2.
Now, there exists a sequence of y, such that B(y,,m —1/n) N C = @ and
lyn — z|| = r. Define

Zn = {(1/241/(nr))(yn — x) + 2 forn > 2/r.

The inclusion B(zn,7/2) C B(yn, — 1/n) implies that z, € A. It is immediate
that ||z, — z|] = /2 as n — c0. So we can conclude that dist{z, A) = r/2.

Suppose P4(z) # @ for some x € C. Then there exists y € A which is the
nearest point to z in 4 (i.e, ||y — z|]| = r/2). By definition of A we get that
B(y,r/2)NC =0, so by Lemma, 2.7 the set

F={z€C: Ps(zx) # 0}
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is cone supported. By Lemma 2.9, the set F' can be covered by countably many
Lipschitz hypersurfaces L. |

PROPOSITION 3.2: Let X be a separable Banach space and D C X be a Borel
ball small set. Suppose that X \ D is Aronszajn null. Then there exists a
nonempty closed set A and a Borel set () which is not Haar null such that the
metric projection Ps(x) is empty for each z € Q.

Proof: Let D = J,, Dy, where D,, is Borel rp,-ball porous for some r,, > 0. Then
there is ng such that Dy, is not Haar null. Put C = D,, and r = r,,,. Apply
Proposition 3.1 to C and r. It yields a nonempty closed set A and a sequence
of Lipschitz hypersurfaces L,. As a Lipschitz hypersurface is even Aronszajn
null (see [Z1], page 295), the set Q = C \ J,, L, satisfies the conclusion of the
theorem. 1

THEOREM 3.3: Let H be a separable Hilbert space. Then there exist a Borel
set (), which is not Haar null, and a nonempty closed set A C H such that the
metric projection P4(z) = for z € Q.

Proof: By part (i) of Proposition 2.12, there exists a Borel set D C H which is
ball small and whose complement is Aronszajn null. Now apply Proposition 3.2
to D. It yields a non-Haar null set ) and a nonempty closed set A with the
required properties. |

4. The farthest points

Now we consider a similar problem for the farthest points. We shall need the
following easy proposition (we include its proof as we were not able to find a
reference in the literature):

ProprOSITION 4.1: Let X be a Banach space with the following property: all
points of Sx are strongly exposed® points of Bx. Let M be a nonempty closed
bounded subset of X and let us suppose that for an x € X there exists no farthest
point in M (i.e., Fp(z) = 0). Then there does not exist a farthest point to z in
the set convM .

Proof: For a contradiction, suppose that f € tonvM satisfies

p=llz - fll = p(z, M) = p(z, o0V M).

5 For the definition of a strongly exposed point and related notions see [BL],
pages 104 and 108.
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Then obviously f ¢ M and by closedness of M there exists £ > 0 such that
B(f,e) N M = §. By the assumption on X we have that all the points of the
sphere Sx are strongly exposed points of the ball By, so we can deduce the
existence of x* € X* and a > 0 such that

(4.1) feB(z,p)n{z € X:2*(z) > a) C B(f,¢)
(see [BL], pp. 104 and 108). It follows that
covM C {z € X:z"(z) < a},
and the latter set does not contain f (by 4.1), which is a contradiction. ]
Remark 4.2: It is easy to see that all the points of S,, are strongly exposed

points of By, and thus ¢, satisfies the assumption of Proposition 4.1.

THEOREM 4.3: There exist a nonempty closed convex bounded (and thus weakly
compact) set M C {5 and a Borel set A C {5, which is not Haar null, and such
that Fy(z) = @, for x € A.

Proof: Let E be the set from part (ii) of Proposition 2.12. Take
R < min(Ry, V3).
Then define
s:=R/(1+ R)Y? < V/3/2,
and put
L= (2(1 = (1=s))2)12 = 2(1 - (1 + R?)7V/2)/2.
Define
M = {x € S(0,1): dist(z, E) > s},

and 4 = 3- E. Note that A is not Haar null. Obviously, M is closed, bounded,
and nonempty (by condition (4) of Proposition 2.12).

Cram: pla, M) = D := ((1+|a]))? = 12 - ||a]|)}/? for all a € A.

Choose a € A and m € M. Define b = —a/|ja|| € E. As (1 - s?)!/2b € E, we
have (by an easy computation) that £ := ||b — m|| > I. Let p = |la — m|l. Then
p? = (1+]lall)?2 — €2 - ||a||. This function (i.e., p considered as a function of &)

has a maximum at [ on [{,2], p(l) = D, and thus p(a, M) < D. For the other
inequality, suppose that

(4.2) pla, M) < D.
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By condition (4) of Proposition 2.12, there exists the appropriate sequence
(sj)jen, with |[s;|| = 1, and ||s; — b|]| = 1 as § = oco. It is easy to see that
ls; — al| = D, and we have a contradiction with 4.2.

Suppose that for a € A, there exists a farthest point m € M. Then B (m,s)N
E = 0 and E is supported at —(1 — s2)'/2a/||a|| € E by B(m,s). This in turn
implies that Ais supported at a by

B(~llall(1 - s*)7/2 m, sllall(1 ~ s*)~1/%).

We have seen that if a € A has a farthest point in M, then Ais supported by
a ball at a. By Lemma 2.7, we get that Ais cone-supported at such points. It
follows by Lemma 2.9 that the set of points in A, for which there exist farthest
points in M, can be covered by countably many Lipschitz hypersurfaces L,.
As Proposition 4.1 shows that we can replace M by tonvM, we see that A =
A \ U,, L~ satisfies the conclusion of our theorem. ]
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